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Abstract

We integrate the inhomogeneous elasticity model and the phase-field equations for displacive phase
transformations in polycrystalline materials. The relaxation of the misfit strain between parent and
transformed product phases or among different structural variants of transformed product phases near
grain boundaries is taken into account. It is applied to the fcc to bcc martensitic transformation described
by a Bain strain in a polycrystalline Fe-31at.%Ni metallic alloy. The focus is on the effect of grain
boundaries on the displacive transformation behaviors. We first study nucleation of the bcc product phase
at a grain boundary of a bicrystal. The predicted microstructures through nucleation near grain boundaries
are compared to existing experimental observations in literature. The effects of grain boundary
characteristics such as the degree and range of the misfit strain relaxation at the grain boundary and grain
boundary curvature on the phase behaviors near a grain boundary are then examined for both a flat or a
curved grain boundary. The model is also applied to polycrystals containing multiple grains. The effects
of the misfit strain relaxation at grain boundaries, elastic anisotropy, and applied stress on the kinetics and
the microstructures of displacive transformations are discussed.
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1. Introduction

Displacive phase transformations are common in a wide spectrum of materials ranging from
metals to ceramics when a system is subject to temperature variation and/or mechanical
deformation [1-6]. In many cases, a displacive transformation involves a change in crystal
symmetry. Examples include the bcc to hcp transformation in titanium alloys [7], the fcc to bec
Bain transformation in steels [3], and the /cp to fcc structural change during hydride formation in
zirconium alloys [8], to name just a few. A displacive transformation is accomplished by an
atomic or crystal lattice rearrangement, i.e., atomic shuffle and/or lattice distortion [1], driven by
the chemical free energy reduction, resulting in multiple crystallographically equivalent
structural variants of the product phase. The accommodation of lattice misfit between the
structural variant and the parent phase or among domains of different orientations generates a
significant amount of strain energy, and the relaxation of strain energy leads to complex self-
assembling domain microstructures.

Structural defects such as dislocations, grain boundaries, precipitates or inclusions, free
surfaces, efc. often play significant roles in the displacive transformation behavior by modifying
the nucleation or kinetic barriers. In particular, grain boundaries in polycrystals can act as
heterogeneous nucleation sites. Although there have been efforts to elucidate the effects of grain
boundaries [9-11], it is still extremely challenging to experimentally capture the phase
transformation kinetics and microstructural features during displacive structural changes since
the transformations are very rapid and they produce complex microstructures. In addition, the
presence of structural defects adds complexity to the transformation behaviors. Hence, there have
been a number of theoretical and/or computational efforts [12-19] to uncover the underlying
mechanisms and physics of displacive phase transformations. Phase-field method [20-25] based
on the diffuse-interface description [26] has been successfully developed and employed to tackle
the problems related to the displacive transformations [2]. The first successful three-dimensional
phase-field model for the martensitic transformation, one type of displacive phase
transformations [1], was proposed by Wang and Khachaturyan [27]. The model was developed
for modeling the improper martensitic transformation and successfully employed to produce
microstructural features during the nucleation, growth, and coarsening of the martensitic phase in

the parent phase of a single crystalline metallic alloy. A phase-field model for a proper



martensitic transformation was also proposed [28]. A similar modeling framework has been
adopted for modeling several types of crystal symmetry changes with or without diffusional
processes [29-36]. Recently, the elasto-plastic effects have been incorporated to phase-field
modeling of martensitic transformations by incorporating the dislocation dynamics [37, 38], and
the elasto-plastic phase-field model [39] was applied to simulating the martensitic
transformations by introducing a local plastic yielding criterion [40-45]. In addition, a vector
model based on the phase-field theory for the proper displacive phase transformations has also
been proposed to take into consideration the structural anisotropy and directional flexibility [46].
The phase-field models for martensitic transformations have been extended to study the
transformation behaviors near structural defects such as dislocations [47], precipitates [48], free
surfaces [49], void, stress-concentration sites, and inert inclusions [50], and to study the
transformation behaviors in a thin film constrained by a substrate [51, 52] or in a multilayer
system consisting of alternating active and inert layers [53]. General reviews of phase-field
models for the martensitic transformation are available in [54, 55]. They have been also extended
to model microstructure evolution during martensitic transformations in polycrystals [45, 56-60].
These models captured the essential features of the phase behavior in the presence of multiple
grains. However, some details of the microscopic features near grain boundaries, e.g.,
heterogeneous nucleation of variants near grain boundaries, were not analyzed. In existing phase-
field simulations, pre-existing nuclei inside a grain were employed in most of the simulations in
the absence of external loading, or external loading was applied to trigger the transformation
inside grains or near grain boundaries [59]. In addition, all existing models are based on the
isotropic homogeneous elasticity approximation although the models take into account the
rotation of the transformation strain associated with the crystallographic orientation variation
from one grain to another. Finally, existing models also ignore the possible misfit strain
relaxation or loss near a grain boundary.

In this paper, we describe phase-field kinetic equations describing displacive phase
transformations [61, 62] in elastically inhomogeneous and anisotropic polycrystals. In particular,
the possible misfit strain relaxation or coherency loss at the grain boundaries is incorporated to
capture the microscopic phase behaviors near the grain boundaries. The martensitic
transformation in Fe-31at.%Ni alloy is employed as an example to study the generic features of

the displacive transformation [1]. It will be the basis for our phase-field modeling of the phase



transformations and coupled microstructure evolution in polycrystalline alloys where both

diffusional and displacive transformations take place.

2. Phase-field modeling

During a displacive structural transformation, multiple variants of the product phase are
produced. The number of possible variants is determined by the symmetry of the crystal lattice
rearrangement [17, 27]. For example, the fcc to bcc Bain transformation produces three
crystallographically equivalent variants due to the tetragonal symmetry of the transformation
strain, i.e., the tetragonal axis of the strain can be aligned with any one of the three
crystallographic directions [100], [010], and [001] in a cubic lattice. Therefore, multiple
structural order parameters are required accordingly in order to account for the structural change
within the phase-field context. In addition, for polycrystals, each grain contains its own set of
structural order parameters [57]. Hence, we define the structural order parameter (or phase-field)

1,,(7,t) where p represents the structural variant index and g represents the grain index in order

to identify multiple structural variants in each grain. For instance, p=1, 2, 3 and g=1, 2 ,..., N for
the fcc to bee Bain transformations in a polycrystal containing N grains. Recently, Malik et al.
employed continuous structural order parameters across a grain boundary and they regarded a
grain boundary as a kinetically frozen phase, acting as a kinetic barrier at the grain boundary, by
varying the kinetic coefficient of the governing equation to account for the discontinuity of the
transformation process across the grain boundary [59, 60]. It should be noted that our definition
automatically takes into account the discontinuity of the structural order parameter across the
grain boundary without specific considerations at the grain boundary without the significant loss
of computational efficiency (See section 2.3 and Supplementary Material S1). The total free

energy functional of the entire system is expressed as the following volume integral [27, 57]:

F=| {f({npgn + ZZZZ%W%W% + ecoh)}d3f, ()

where {7, } is a set of structural order parameters, «,; , is the gradient energy coefficient, i and

j.g
j are indices of Cartesian coordinates, and e, is the coherency strain energy. We assign

different gradient energy coefficient tensors for different grains following Ref. [57], and p



represents the structural variant index and g represents the grain index in the definition of «, , . .

Following sections provide the details for various contributions to Eq. (1) using the fcc to bec

martensitic transformation as a representative example.

2.1. Chemical free energy

The thermodynamic driving force for the displacive phase transformation is the chemical free
energy reduction. Therefore, it should be modeled in a way that the relevant thermodynamic or
physical variables such as undercooling (A7=7,-T where T is the undercooling temperature and
Ty is the stress-free equilibrium temperature) and latent heat for the transformation (Q) are
properly reflected. The usual Landau-type free energy [27, 28, 47, 49, 53, 56, 57] for the local

free energy density has the following form:

f({npg}) = Azzn‘ig + A3z77137g + A4Z77;g + A4ZZ znign;'g'ﬁ (2)
p.g p.g p.g

p.g p.g'
where A4,, A3, A4, and A4, are the Landau coefficients. However, this type of the function is not
flexible to explicitly control the thermodynamic or physical variables. For example, the Landau
coefficients were usually obtained by fitting the function to the free energy database for different
materials [47]. Therefore, we utilized a different type of free energy function that explicitly
incorporates temperature and latent heat for the transformation. The specific form the function is

given by

3T =g, )+ A" (1) - H(in,,})

0-(T-1) ©

=g({n,. )+ (177,: 1)

0

where the first term, g(47,,}), is the local stress-free chemical free energy at 7=T) and given by

g( {npg}) = aozn;g (npg - 1)2 + alz Zn;gn;'g' and the Second term7 AfM (T) ' H({npg}) ’
P8

p.g p.g'

represents the variation of the free energy due to undercooling with respect to 7 with

H({n,.}) = Z(—277;g +377§g). The schematic plot of the local free energy as a function of a
p.g

single order parameter is shown in Fig. 1(a). It should be noted that the local free energy function

without interaction terms in Eq. (3) recovers the 2-3-4 potential in Eq. (2) as the following:



f({n,,g},T){awW]Zn;{2ao+w]2nzg+aozn:g, @

0 P.g 0

The free energy function has the following properties: (i) f(0,7)=0 , (i)

fQ,7) =w <0, (i) % =0. The property (iii) ensures that the equilibrium
n

0 1n=0,1

values for the order parameters are 0 or 1.

2.2. Coherency strain energy
The coherency strain energy stemming from the lattice mismatch is one of the major
contributions to the thermodynamics and kinetics of phase transformations and the morphology

of the microstructures during displacive phase transformations. The coherency strain energy

density (e,,) in Eq. (1) is given by e, =§Cijk15;lg,ff where g;’ is the elastic strain tensor and

Ct

C,y 1 the elastic modulus. In polycrystals, the elastic modulus is always inhomogeneous since it

contains grains of different crystallographic orientations. To model the position-dependent

inhomogeneous elastic modulus of a polycrystal, the following mathematical expression is
employed [61, 62]:
Cpu(F)=D_6,(Fatasaf atCr: (5)
4

m-" jn Ip ™~ mnop >

where 6, (7) is the grain shape function which is equal to 1 within the gth grain and equal to 0
outside, a; are the components of an axis transformation matrix for the rotation from the local

coordinate system defined on the given gth grain to the global reference coordinate system, and

C™ is the elastic modulus of a grain in the local coordinate system. The rotation (or

mnop

orientation) of the gth grain is represented by ¢, , in two-dimensional (2D) systems, with

[ai]:(cosag sinagJ (6-1)

—Sanlg COSC(!‘g

or the Euler angles «, , f3,, and y, , in three-dimensional (3D) systems, with



cosa, cos B, —sina, sin 5, cos y, sina, cos B, +cosa, sin B, cosy,  sinf, siny, 62)
g1 | _ . o o . . . -
[aj]=| —cosa,sin B, —sina, cos 3, cos y, sina, sin 3, +cosa, cos f§, cosy, cosf, siny,
sina, siny, —cosa, siny, cosy,

In principle, the elastic modulus of the variants can be distinguished from the parent phase by

expressing C,. as, for example, Cyr, = H({17,,)Ch> + (1= H({17,,}))Cpy,y Where Cp'> and

mnop mnop mnop mnop mnop

C,f,f'ol; are the elastic moduli of the variants and the parent phase, respectively [36]. However, we
assume that the elastic modulus of a grain interior is homogeneous since the difference in the
elastic modulus between fcc and bcc structures caused by such a small lattice distortion would
not be significant, and we therefore only consider the elastic inhomogeneity caused by the
different crystallographic orientations of grains in a polycrystal.

Following Khachaturyan's microelasticity theory [2], the elastic strain is expressed by the

homogeneous strain ( &; ), the hetrogeneous strain ( J¢; ), and the eigenstrain (53 ):
el (=N _ = . 0,— . . . . .

&, (F)=¢&; +0¢,;(r)—¢&;(r). The coherency during the displacive transformation is represented

by the eigenstrain. The eigenstrain in a polycrystal is given by

&)(F) = D 0,(F1) D &, (& p,F)A1,,), %

where 6,(7) is the grain shape function and A(n,,) is the piecewise function of a structural

order parameter which is given by

ﬂ(npg) =1 e (When < Mg <1-= g) (8)

= —21713,g +377[27g (when 7, <& or n,>1-¢),
with a small value & During a transformation from the parent phase to the product phase, 7,, is
used for A(7;,)as in [56, 57]. However, the 3rd order polynomial is employed near the

equilibrium states to avoid the unnecessary or unphysical artificial shift of the equilibrium values

of the order parameter due to the coherency strain energy contribution. 830 (g,p,7) is the stress-
free transformation strain in the polycrystal and is given by

g (g,p.7) = p(Flajaiey” (p), €))
where @ are the components of an axis transformation matrix. In the case of the fec to bece

transformation in Fe-31at.%Ni, the Bain strains with the tetragonal symmetry are employed for



£ (p). The Bain strains can be easily derived from the crystallographic relationship between

fcc and bcc structures. The bece structure is established by the tetragonal distortion of the lattice

represented by dashed lines in Fig. 2, leading to

g 0 0 g 0 0 g 0 0
[;"M1=| 0 & 0] [&"@)]=0 & 0| ["Q)]=[0 & 0| (10)
0 0 ¢ 0 0 ¢ 0 0 g
where & =(a,, —gaﬁc)/ %aﬁc and &, =(a,, —a,)/a, with lattice parameters of fcc

(a..) and bee ( @, ) structures. Due to the relatively disordered or opened structure of grain

boundaries [63-65], the misfit strain can be mitigated near the grain boundary. In addition, the
existence of solute atoms and/or dislocations at the grain boundary can alter the degree of misfit
strain relaxation near the grain boundary by changing the local structure of the grain boundary
[66, 67]. It should be mentioned that the misfit strain relaxation near the grain boundary may
affect the metastability of the parent phase with respect to its displacive transformations, similar
to other types of structural defects [47, 68]. In contrast to all existing phase-field models for

displacive transformations, we employ the interpolation function (@(7) in Eq. (9)) to consider the

relaxation or partial loss of the misfit strain. The function has the following properties to model

the misfit strain relaxation: ¢(#)=1 inside a grain and @(7) <1 near the center of a grain

boundary. The explicit form of ¢(7) in our model is given by

[P =)+ (P~ )]

¢max min

p(r) = (11)

where ¢zZ§Z » &, 18 the diffuse-interface grain order parameter (or phase-field) which is
4

employed for generating a grain structure (the procedure for the grain structure generation is

explained in section 3.1 and Supplementary Material S2), and p represents the misfit strain

relaxation parameter associated with the degree of the relaxation at the center of the grain

boundary, e.g., p=1: no relaxation, p =0: full relaxation.

The macroscopic shape change of the system is represented by the homogeneous strain &; .

The homogeneous strain is defined in such a way that J.Vé'gl.j(F)dV:O , which results in



&) =< Sy > (0j+< 0] >=< 55, >) where <8, >=<Cy, >, <Cyy >= (V)| C(P)dV , o}
is an applied stress, <o >=(1/V) IV Cyu(F)el(F)aV , and < o, >=(1/V) jV C,u(F)Se, (F)aV if
the boundaries of the polycrystal are allowed to relax. When the system is subject to a constant
applied strain (&), the homogeneous strain is equal to the applied strain, i.e., &; = ¢; [61, 62].

The heterogeneous strain is expressed by the elastic displacement field wu,(7) as
0g,;(r)=(1/2)(0u,/0r; + du,/ 0r;) [2]. The elastic solutions are obtained by solving the following
mechanical equilibrium equation:

V0, =V [Cy(F) (&, + g, (F) - &) (F)]=0, (12)
where o is the local stress. The equation is solved by the Fourier-spectral iterative-perturbation
method [69, 70]. The position-dependent elastic modulus in Eq. (5) splits into a constant
homogeneous part C;,S,m and a position-dependent inhomogeneous perturbation part C;j’,‘flmm (7).
Therefore, Eq. (12) becomes
C;f,m(ézuk/ or,0n) =V j[Cl.jkl(F)(g,?l —Ekl)]—a[C;'}:}Om(F)(auk/ or)]/or; . To obtain the accurate

solution, the iterations are repeated until the value of

\/IV [ —ul) + W™ —ud) + Wi —ul)*1dV  becomes smaller than 1.0x10* for 2D

simulations or 3.0x10™ for 3D simulations in this study. More details of the procedure can be

found in our previous works [61, 62, 71].

2.3. Governing equation

The kinetics of structural phase transformation is governed by the Allen-Cahn (or time-
dependent Ginzburg-Landau) equation. The governing equation for the structural order
parameters in a single crystal [27] are modified to describe the evolutions of separately defined
order parameters in different multiple grains [57]. The modified Allen-Cahn equation is given by

[57]



/MG 0, (F)[— L(;_F] + g’g(f,t)]

at Pg

(13)
- Qg(F)[— L(M K, VNV, ¢ %] e (?,z)]

on on

Pg Pg

where 6,(r) is the grain shape function, L is the kinetic coefficient, and £, (7,?) is the Gaussian
Langevin noise term. The use of the grain shape function 6,(7), which is equal to 1.0 only

within grain g, selectively allows the structural order parameters corresponding to that grain to
evolve only within the particular grain g. It should be noted that their unnecessary evolution
within other grains may result in unphysical interactions among order parameters. The modified
equation is, however, numerically inefficient if the equation is solved in the Fourier space since
all of g sets of order parameters (pxg order parameters) at a position 7 should be considered
during the simulations, i.e., each position contains a large number of order parameters to be
solved. However, it should be noted that only one set of order parameters (p order parameters) is
active or effective in a particular grain (grain index g'). Therefore, only those order parameters
should be considered in the particular grain for better efficiency. Solving the equation in the
Fourier space does not allow to specify the active grain index g' at the position 7 defined in a
real space. Therefore, the numerical calculations are conducted in a real space using the simple
Euler method in this study. The calculation in a real space allows us to select the active p order
parameters (correspond to the active grain index g') participating in the evolution at the position
7 . Thus, the equations for only active p order parameters are solved at the position 7, resulting
in the reduction in the number of equations to be solved compared to solving equations in the
Fourier space. For better accuracy, only the variational derivative of the gradient energy term

(x,,;.V:V 7, ) 1s computed in the Fourier space.

p.yj.g
3. Computer simulations and discussion

3.1. Preparation of grain structures and simulation parameters

In this study, 2D bicrystal (512 Ax x 256 Ay ), 3D bicrystal (256 Ax x 128 Ay x 128 Az)), and
3D polycrystal (112 Ax x112 Ay x112 Az) are generated by a phase-field grain growth model [72,

73] (The details can be found in Supplementary Material S2) and utilized for the phase-field



simulations of displacive transformations, and the generated grain structures are shown in Fig. 3

where the monitor function is chosen to be ¢=Z§§ . We employed uniform grids, i.e.,
4

Ax=Ay=Az. The information for the spatial distribution of grain order parameters is utilized to
construct the interpolation function ( (7)) for the misfit strain relaxation in Eq. (9) as explained
above. It should be mentioned that the magnitude of the gradient energy coefficient determines
how diffuse the grain order parameters are near the interface between adjoining grains, which is
related to the grain boundary width in the context of phase-field grain growth model [72, 73]. In
our model, the degree of diffuseness of grain order parameters determines the range of misfit
strain relaxation from the center of grain boundaries by the definition of the interpolation

function (¢(7) ) for the misfit strain relaxation in Eq. (9). The grain shape function 6, (r) is also
defined using the information of the spatial distribution grain order parameters (&, ) in a way that
0,(r) is equal to 1 within the gth grain and equal to 0 outside the gth grain. Therefore, the grain

shape function is obtained by comparing the magnitudes of grain order parameters at a given
location and finding the grain index g of which corresponding grain order parameter has the
maximum value. We performed computer simulations of displacive transformations on static
grain structures assuming that a displacive transformation is much faster than the grain structure
evolution at the simulation temperatures.

The physical parameters for simulations were chosen to be close to a Fe-31at.%Ni alloy as in
[28, 47, 57]. The latent heat for the transformation and the stress-free equilibrium temperature

were chosen to be O =3.5x10°J/m’ [74] and 1, =405K [75, 76], respectively. The variation

of free energy curve at different temperatures is presented in Fig. 1(b) in a non-dimensionalized

form. The components of the Bain strain tensors were chosen to be ¢ =01322 and

&, =—01994 [77]. The coefficients ap and x

L.i.¢ were chosen to produce an interfacial energy of
~99mJ /m* . We employed the isotropic interfacial energy for simplicity in this work although
the model is able to account for the anisotropy. For the elastic modulus, we considered different
cases of anisotropic elasticity with a fixed average shear modulus (x) and average Poisson's ratio
(v): =28 GPa and 1=0.375 [47, 78] to investigate the effect of elastic anisotropy on the

displacive transformation behavior near grain boundaries since the martensitic features are



determined by the ratio of the typical strain energy (&, ) to the chemical driving force (|Af |)

where g, is the typical stress-free transformation strain [17, 27]. Three independent components

(C11, Ci2, Cas in the Voigt notation) of the elastic modulus of a cubic material are obtained for
three different anisotropy cases (4,=0.5, 1.0, and 2.0) of 4, (=2C44/(C11-C)2)) using the following
formula [79]:

11

c :ﬂ(z(zmz) ~ 1—41/]’

l+4, 1-2v
24, 1-4v

Cp, = Z— : 14

. ”[HAZ 1—2vj (1
24

Cp = Z_,

44 'u1+AZ

The governing equation in Eq. (13) was solved in dimensionless forms. The physical

parameters were non-dimensionalized by Ax’ =% , At =L-E-At , [ =% , g*=% ,

* ij

C.=—L  and " =
E

p It where E is the characteristic energy which was chosen to be

3.0788x10°J/m’ and [ is the characteristic length which was taken to be 0.8x10°m . The non-

dimensionalized parameters are tabulated in Table 1.

3.2. Grain boundary nucleation mechanism

To examine the displacive transformation behavior near a grain boundary, we first employed
a simple 2D fcc grain structure containing two grains, i.e., a bicrystal in Fig. 3(a), separated by a
flat grain boundary with elastic anisotropy 4,=2.0 and the misfit strain relaxation parameter

p =0.2. The temperature was chosen to be 267K and the right-hand side grain was slightly
rotated (o, =7/6) with respect to the left-hand side grain. The random fluctuations of order

parameters were incorporated at the initial stage. Fig. 4 shows the temporal evolution of bcc
structural variants (order parameters) during the nucleation process. First of all, the simulations
show the displacive transformations at grain boundaries without pre-existing nuclei in grain
interior or external loading as shown in Fig. 4. It should be mentioned that the simulated

microstructures in the figure are similar to the experimental observations [9, 10] of martensitic



transformation nucleated at grain boundaries. The nucleation occurs due to the lowered
metastability of the parent (fcc) phase with respect to the product (bcc) phase at the grain
boundary compared to the bulk counterpart since the nucleation barrier for the formation of bcc
variants is reduced or vanishes due to the relaxation of misfit strain. One notable observation
here is that the variants nucleated at grain boundaries do not propagate to the grain interior until
two different variants meet together. Once two different variants merge or happen to nucleate
close to each other, they grow into the grain interior together maintaining a twin-related structure.
The orientation of the interface between two adjoining bcc variants is aligned to the invariant
plane orientation. It can be understood that the formation of the twinned structure leads to lower
strain energy by strain accommodation. A single variant sometimes nucleates and grows alone,
but the self-nucleation of another variant subsequently occurs to reduce the strain energy as
indicated by dashed circles at 7500A¢ and 10000Af in the figure. We also conducted a 3D
computer simulation and confirmed that the nucleation of bcc variants occurs by the same
mechanism (See Supplementary Material S3). In order to observe the nucleation behavior of bcc
variants across a grain boundary, we carried out another 2D simulation starting with a pre-
existing bcc particle in the left-hand side grain with initial small random fluctuations of order
parameters (Fig. 5). The grain structure is the same as the 2D bicrystal above. The pre-existing
bcc phase grows with self-nucleated variants and eventually encounters the grain boundary. As
shown at 700A¢ in Fig. 5, the grain boundary nucleation occurs subsequently in the right-hand
side grain and the nucleated bcc variant grows into the right-hand side grain as indicated by
dashed circles, i.e., our model correctly embodies the cooperative nucleation behavior [9, 10] of

the displacive transformation across a grain boundary.

3.3. Effects of grain boundary characteristics on variant nucleation

We performed parametric simulations using a simple 3D bicrystal (256 Ax x 128 Ay x 128 Az)

to study the degree and range of the misfit strain relaxation and grain boundary curvature on
displacive transformation behaviors and microstructure evolution. Depending on grain boundary
types and properties, a grain boundary would exhibit different characteristics of misfit strain
relaxation or coherency loss. In our model, the degree of relaxation is controlled by changing the

parameter p in Eq. (11). To observe the nucleation behavior near a grain boundary with



changing p values, computer simulations were carried out for selected p values from 0.05 to
0.35 for a bicrystal with elastic anisotropy A4,=0.5 containing a flat grain boundary. The
temperature (7) of the system was chosen to be 205K, and the Euler angles of the left-hand and
right hand side grains were set to be (0,0,0) and (7/6,0,0), respectively. Fig. 6 shows the

temporal evolution for different p values. First of all, the nucleation of the bcc phase was
observed for all the selected p values at 2000A¢ (Fig. 6). Interestingly, one particular bcc variant
(variant 1) dominantly nucleates at the grain boundary when p is small ( p=0.05), but other
variants (variant 2 and 3) also equally nucleate at the grain boundary when p is large
(p=0.15,0.25). In other words, only one variant tends to nucleate at a grain boundary when the

misfit strain is more relaxed, but multiple bcc variants tend to nucleate at the grain boundary
when the misfit strain is less relaxed. As a result, the nucleated bcc phase cannot grow into the
grain interior and just forms a thick plate consisting of mostly one variant at the grain boundary
when p=0.05. On the other hand, when p=0.25, the nucleated bcc phase grows into the grain
while maintaining twin structures as shown in Fig. 6 following the nucleation and growth
mechanism explained in section 3.2. It should be noted that very low nucleation density was
observed in the case of p=0.35 due to the lack of misfit strain relaxation compared to other
cases. Therefore, we can conclude that there exists an optimal misfit strain relaxation for the
fastest kinetics of displacive transformation nucleated at a flat grain boundary, and the kinetics
can be engineered by adjusting the misfit strain relaxation at the grain boundary using, for
example, the grain boundary segregation of solute atoms [80]. However, it should be mentioned
that it is difficult to control the misfit strain experimentally.

The spatial distribution of ¢(#) in Eq. (11) determines the range of the misfit strain

relaxation. The profile of ¢(7) can be controlled by the gradient energy coefficient (x,) for
grain order parameters in Eq. (S.1), and the profiles for three selected different values of x, with

p=0.2 are shown in Fig. 7(a). The temporal evolution of hcc phase formation near the grain
boundary was studied for different cases of misfit strain relaxation range in a bicrystal (4,=0.5)
containing a flat grain boundary with partial misfit strain relaxation ( p=0.2) (Fig. 7(b)). The
temperature (7) was chosen to be 205K, and the Euler angles of the left-hand and right hand side

grains were (0,0,0) and (7/6,0,0), respectively. When the relaxation range is narrow such as



Kk, =1, the nucleation density of the bcc phase is so low that it cannot further grow. However, as

the relaxation range becomes wider, the phase transformation occurs more rapidly. It is possible
to nucleate more nuclei at or near the grain boundary since more volume near the grain boundary
are initially occupied by the less stable fcc phase with respect to the displacive transformation in
Fig. 7(a).

Another important characteristic of a grain boundary which possibly affects the displacive
transformation behavior is its geometry. Grain boundaries in an actual grain structure usually
display complex geometries, and they are interconnected to each other, forming the complex
grain boundary network. For example, a grain boundary can be curved. To examine the impacts
of grain boundary curvature on the displacive transformation, we also generated a simple
bicrystal (4,=0.5). For comparison, three different types of curvatures were employed: flat, low

curvature, and high curvature as shown in Fig. 8(a). We use the same p (=0.2), «x, (=3.0), and

temperature (=205K) for the bicrystals with differently curved grain boundaries. The Euler
angles of the left-hand and right-hand side grains were also set to be (0,0,0) and (7/6,0,0),
respectively. First of all, the behavior of the bcc phase formation at or near the grain boundary
varies with the grain boundary curvature. More curved grain boundary promotes the phase
transformations. The curved grain boundary seems to allow different types of bcc variants to
nucleate simultaneously, and they, in turn, form a twinned structure which is prone to growth
into the grain.

Interestingly, there seems to be a transition in the hcc phase domain structure near the curved
grain boundaries (see the magnified view at 5000A¢ in Fig. 8(b)). The twinned structure
consisting of variant 1 and 2 appears next to the curved grain boundary first as indicated by
dashed circles in the figure, and then different twin structures consisting of mostly variant 2 and
3 tend to appear as observed near the flat grain boundary in Figs. 6 or 7. In other words, the
optimal spatial configuration of bcc variants to minimize the strain energy is altered depending
upon the distance from the curved grain boundary. It implies that grain boundary geometry has a

strong effect on the spatial distribution of structural variants of displacive transformation.

3.4. Displacive transformation behavior in polycrystalline grain structures



Based on the understanding of phase behaviors in a bicrystal, we then studied the phase
transformation behaviors in more realistic polycrystalline structures shown in Fig. 3(c). We
investigated the impacts of strain relaxation at grain boundaries and an applied stress on

displacive transformations in polycrystals. The Euler angles («a, , B, ,7,) of grains were
randomly assigned. The «, was set to be 3.0 for the polycrystals and temperature was chosen to

be 202K.

3.4.1. Effects of misfit strain relaxation at grain boundaries
We first examined the transformation behaviors in a polycrystal with different degrees of

misfit relaxation. We chose five different p values from 0.0 to 0.2 in Eq. (11) and three different
elastic anisotropy (4,=0.5, 1.0, and 2.0). Fig. 9(a) shows the microstructures at the later stage (at

18000A¢) for two selected p values (0.0 and 0.2) with different elastic anisotropy cases as an

example. The temporal evolution of microstructures during a displacive transformation can be
found in Supplementary Material S4. To quantify the overall kinetics, the total volume fractions
(V) of the bcc phase including all three variants (see Fig. 9 (b) to (d)) as well as the volume
fraction of each variant (see Figs. S.2 and S.3 in Supplementary Material S4) were measured as a
function of time. First of all, regardless of the elastic anisotropy, as p increases, i.e., with less
misfit strain relaxation, the overall kinetics becomes slow due to decreasing nucleation density at
or near grain boundaries as shown in Figs. 9(b) to (d), S.2, and S.3. The volume fraction of each
variant may be affected by the degree of the misfit strain relaxation (see Figs. S.2, and S.3),
leading to different microstructures at the later stage with different p values as shown in Fig.
9(a). Contrary to the transformation behavior with different p values in a bicrystal explained
above, all three variants nucleate near grain boundaries in polycrystals even when the misfit
strain is highly or fully relaxed, e.g., p=0.00 in Fig. 9(a). The curvature might play a role in
nucleating all the variants according to our simulation results of bicrystals with curved grain
boundaries discussed above. As a result, the nucleated bcc phases grow into the grains and the
phase transformation proceeds even when the misfit strain is fully relaxed in contrast to the case

of the simple bicrystal containing the flat grain boundary.



For more analyses, the required time steps for achieving V/=0.5 which is denoted as 1o (as
indicated in Fig. 9(b)) were plotted as a function of p in Fig. 9(e). Interestingly, tos as a
function of p displays a nonlinear characteristic in all three 4, cases as shown in the figure. One
of the intriguing features for the overall kinetics is the difference in its sensitivity to the misfit
strain relaxation under the three different elastic anisotropy. As clearly seen in Fig. 9(e), 15 for

A,~1.0 is more sensitive to p than other two cases and the differences become large as p
increases. The effects of elastic anisotropy become more significant as p increases, including its

effects on the volume fraction of each variant and the spatial configuration of bcc variants. For

example, when p=0.0 in Fig. S.2, there are no significant differences in the volume fraction of

each variant as a function of time and in the microstructure at the later stage, e.g., at 18000At*,

among 3 different cases of 4,. On the other hand, when p=0.2 (see Fig. S.3), different cases of

A, display different characteristics in the temporal evolution of the volume fraction of each
variant, and the microstructures at the later stage are also significantly different from each other.

The above results can be rationalized by the grain boundary nucleation density and the types
of interfaces formed during nucleation and growth. During the growth process, two types of
interfaces appear. One is the interface between parent fcc phase and product bcc phase (denoted
as Type I hereafter), and the other is the twin boundary between bcc phases (denoted as Type 11
hereafter). Type I interface produces relatively high coherency strain energy. In addition,
depending on the elastic anisotropy, the development of the coherency stress field arising from
the lattice mismatch between parent fcc and product bcc phases might be different. To
demonstrate the stress field development between the two phases during the variant growth, we
designed simple simulations with a simple 2D bicrystal containing a single bcc variant embedded
in a left-hand side fcc grain and monitored the evolution of the von Mises equivalent stress field
(7)) defined by

(o

von

o, ([F)= \/0.5[(0'xx - cryy)2 + (Jyy - O'ZZ)2 +(o,, — GZZ)Z + 6(afy + Gyzz + sz)]. (15)

Fig. 10(b) shows the stress profiles when the size of a growing bcc variant in the fcc phase are
similar for different cases of 4, as shown in Fig. 10(a). As seen in Fig. 10(b), three different 4,
cases display different equivalent stress profiles near the bcc variant. Moreover, we also

confirmed that the growth speeds are different depending on the elastic anisotropy although it is



not clearly demonstrated in the figure. Since the long-range stress field may have significant
effects on the kinetic pathways, different stress fields in Fig. 10(b) would result in different
growth kinetics. Therefore, when Type I interfaces are dominant in a microstructure, the phase
transformation behaviors can be strongly affected by the elastic anisotropy. On the other hand,
Type II interface produces very low or almost zero coherency strain energy since the lattices
between two bcc variants are compatible at the interface. Therefore, generated coherency strain
energy is relatively less sensitive to the elasticity compared to that of Type I interface. As

mentioned above, the nucleation density at or near grain boundaries decreases as p increases.

When the grain boundary nucleation density is low, Type I interfaces are more likely to appear
since most growing single bcc variants or twin-related structure unit are exposed to the fcc parent
phase. Therefore, the kinetics and the resultant microstructures should be sensitive to the elastic
anisotropy. However, when the grain boundary nucleation rate is high, dominant interfaces

appearing during the growth are Type Il interfaces as the case shown in Fig. 7 (x,=3.0), leading

to lower sensitivity to the elastic anisotropy. It should be noted that the elastic anisotropy does
not have a strong effect on the grain boundary nucleation density at the early stage of the
transformation, e.g., 1000Az in Figs. S.2 and S.3. Therefore, the nucleation density is determined
by the misfit strain relaxation regardless of elastic anisotropy, and it seems that kinetics and
microstructure evolution are determined by the early grain boundary nucleation microstructure
where Type II interfaces are dominant when the nucleation density is high.

Our simulation results indicate that the effects of elastic anisotropy on the kinetics of the
displacive transformation become increasingly more significant as the grain boundary nucleation
density deceases. It implies that the homogeneous and isotropic elasticity approximation,
assumed in all existing phase-field models for the displacive transformations in polycrystals,
may not be valid when the grain boundary nucleation density is low for the quantitative

predictions although the assumption would be fine for the qualitative predictions.

3.4.2. Effects of applied stress
To explore the effects of applied stress on the phase transformation behaviors in elastically
different polycrystals, we also employed the same randomly oriented polycrystals. We chose two

different p values, 0.0 and 0.2, because the phase transformations in those two cases are



dominated by different mechanisms due to differences in the grain boundary nucleation density
as explained above. The uniaxial stress along x direction was applied to the polycrystals as the

following:

(16)

(=]
S O O
S O O

0

where o varies from 6.16 MPa (o =0.002) to 61.6 MPa (o =0.02). Fig. 11 shows the
microstructures for two different p cases under two selected cases of the applied stress (6.16

MPa and 61.6 MPa) at the later stage (at 18000A?) and 15 as a function of applied stress. First of
all, the kinetics is more sensitive to the applied stress when the misfit strain is less relaxed at the

grain boundaries ( 0 =0.2) (see the slopes of plots in Fig. 11(b) in comparison with those in Fig.

11(a)). In addition, the differences in the kinetics for different elastic anisotropy are significant

for p=0.2 for all cases of applied stress magnitudes. In order to investigate the physical origin of
the discrepancy in the sensitivity to applied stress, we plotted the von Mises equivalent stress

distribution defined in Eq. (15) in the fcc random polycrystal under o =61.6 MPa before the

phase transformation occurs. Fig. 12 shows the equivalent stress profiles on the cross sections of
the polycrystal shown in Fig. 3(c). As one can see from the figure, the case of isotropic modulus
approximation (4,=1.0) displays uniform stress distribution. On the contrary, other anisotropic
cases show strongly non-uniform distributions or perturbations of the equivalent stress field.
Even if the stress distribution may change as the phase transformation proceeds and the detailed
interactions are not clear yet, we speculate that the non-uniform perturbation of the stress field
might change the sensitivity to applied stress since it might provide the stress accommodation
during the transformation. In addition, the differences in the sensitivity is also attributed to the

types of interfaces. When the grain boundary nucleation density is low ( 0=0.2), there are more

Type 1 (bcc/fee) interfaces which are more sensitive to the elastic anisotropy. The stress fields
arising from the lattice mismatch are coupled to the applied stress in different ways among three
different cases of A4, from the early stage of the transformation. In other words, the elastic
anisotropy can be one of major factors that affect the transformation kinetics under the applied

stress when the phase transformation is dominated by the phase growth and/or coarsening when



the grain boundary nucleation density is low. However, when grain boundary nucleation density

is high ( 0 =0.0), the effects of elastic anisotropy seem to be minute even though the some minor
differences in local microstructures were observed when o =6.16 MPa as shown in Fig. 11(a).

It should be mentioned that the plastic deformation under applied stress is not considered in
our model and it may change the features of the kinetics under the applied stress when the stress
exceeds the yielding stress. It can be studied by employing the model including plasticity such as
in [58-60].

4. Summary

We integrated the phase-field equations for displacive transformations in polycrystals and the
inhomogeneous elasticity model taking into account the possible misfit strain relaxation at grain
boundaries. It was applied to martensitic transformations in the polycrystalline Fe-31at.%Ni
alloy as a model system, and systematic computer simulations were carried out to investigate the
displacive transformations in polycrystals consisting of elastically anisotropic grains. Our
integrated model was able to predict transforming microstructures observed experimentally
without explicitly incorporating pre-existing nuclei inside grains or at grain boundaries. It was
observed that nucleated variants grow into grains through twin-related structures once two
different variants merge or nucleate close to each other. The model also reveals the cooperative
nucleation phenomenon across a grain boundary. We examined the effects of grain boundary
characteristics including the degree and range of the misfit strain relaxation at the grain boundary
and grain boundary curvature on the phase behaviors near the grain boundary employing simple
bicrystals containing a flat or curved grain boundary. There exists the optimal misfit strain
relaxation for the fastest transformation nucleated at a flat grain boundary. The wider range of
the misfit strain relaxation at the grain boundary and the higher curvature of the grain boundary
enhance the phase transformation kinetics. The spatial distribution of nucleated phases near the
curved grain boundary is completely different from that near the flat grain boundary. Based on
the understanding of the phase behaviors near the grain boundary acquired from our computer
simulations using the simple bicrystals, we then systematically studied the displacive
transformations taking place in realistic polycrystals containing multiple randomly oriented

elastically anisotropic grains. The kinetics of the phase transformation was analyzed in terms of



the misfit strain relaxation near grain boundaries and the applied stress. We summarize our three

major findings for polycrystals as the followings:

e As the misfit strain becomes more relaxed at grain boundaries, the phase transformation
kinetics proceeds faster in general due to the higher grain boundary nucleation density. All
the variants nucleate at grain boundaries in generic polycrystals even when the misfit strain is
fully relaxed due to the grain boundary curvature in contrast to the case of a bicrystal
containing a flat grain boundary.

e As the misfit strain is less relaxed at grain boundaries, i.e., grain boundary nucleation density
is low, the kinetics of displacive transformations and the resultant microstructures are more
significantly altered by the elastic anisotropy in the polycrystal.

e As the grain boundary nucleation density is low, the kinetics is more sensitive to the applied

stress.

To the best of our knowledge, this is the first time to systematically investigate the effect of
elastic anisotropy on the displacive transformations in polycrystals using the phase-field
approach. It can be utilized for more quantitative simulations of displacive transformations in
polycrystals containing elastically anisotropic grains. It should be also emphasized that this
model can be combined with our previous work on the phase-field modeling of diffusional
processes in elastically inhomogeneous and anisotropic solid solutions [71], rendering the
enhanced predictive capability for describing the diffusional-displacive phase transformations
[81] in elastically inhomogeneous and anisotropic polycrystals taking place in a variety of

materials systems.
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Figure captions

Fig. 1. Local free energy for displacive transformations: (a) schematic plot of the free energy function,
and (b) free energy profiles with different temperatures for Fe-31at.%Ni.

Fig. 2. Tetragonal Bain distortion for the fcc to bcc transformation (Red arrow direction: contraction, Blue
arrow direction: expansion).

Fig. 3. Grain structures generated by phase-field simulations: (a) 2D bicrystal (512 Ax x 256 Ay ), (b) 3D
bicrystal (256 Ax x 128 Ay x 128 Az), and (c) 3D polycrystal (112 Ax x112Ay x112Az) and its cross
section.

Fig. 4. Temporal evolution of bcc variants during the grain boundary nucleation process in a 2D bicrystal.
Fig. 5. Temporal evolution of the cooperative nucleation process of bcc phases across the grain boundary.
Fig. 6. Bcc phase nucleation near a grain boundary with different degrees of misfit strain relaxation at the
grain boundary.

Fig. 7. (a) Profiles of ¢(7) for different Kk, values and (b) bcc phase nucleation near a grain boundary

with different ranges of misfit strain relaxation at the grain boundary.

Fig. 8. (a) Bcc phase nucleation near a grain boundary with different curvatures of the grain boundary and
(b) the magnified view of microstructures with curved grain boundaries at 5000A¢ in the case of 4,=0.5.
Fig. 9. (a) Microstructures of the displacive transformations in polycrystals at the later stage (at 18000A¢)
for two selected cases of misfit strain relaxation (p=0.0 and p=0.2) with different elastic anisotropy. Total
volume fraction (Vy) of bcc phases as a function of time in a polycrystal with different p values for (b)
A.=0.5, (c) 4.=1.0, (d) 4,=2.0, and (e) required time steps for V0.5 as a function of p.

Fig. 10. (a) Single growing bcc variant near a grain boundary in a 2D bicrystal for different cases of
elastic anisotropy and (b) corresponding von Mises equivalent stress profiles near the variant.

Fig. 11. Microstructures of the displacive transformations in random polycrystals at the later stage (at
18000A¢) under two selected cases of applied stress and 1¢5 as a function of applied stress when (a)

p£=0.0 and (b) p=0.2.

Fig. 12. von Mises equivalent stress profiles on the cross sections of polycrystals under o =61.6 MPa.



Table

Table 1. Non-dimensionalized parameters

Parameters Values
a 0.2
a 1.8
Q* 0.1137
Efﬂg 0.02
C 485 (4,=0.5) | 45.5(4,=1.0) | 42.4 (4,=2.0)
c 242 (4,=0.5) | 27.3(4,=1.0) | 30.3 (4,=2.0)
c, 6.1 (4,=0.5) 9.1 (4,=1.0) | 12.1 (4,=2.0)
A=Ay =AZ 1.0
AL 0.08
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S1. Computational efficiency of the developed model
To check the computational efficiency of the explained scheme in section 2.3, we measured
the simulation time of the displacive transformation simulations for the same amount of time

steps (15000 Az ) using the several cases of 3D grain structures (112 Ax x 112 Ay x 112 Az)
consisting of different numbers (g) of grain order parameters (&, ). The simulations were

performed using the parallel computers (112 processors) and the measured simulation time for
the given cases normalized by the simulation time of the case where g=1 (single crystal) for
comparison is tabulated in Table S.1. In order to look into the computational efficiency of the
scheme in section 2.3 itself, let us take a look at the results in the case of isotropic elasticity
where no iterations for the elastic solutions are required. As one can see from the table, there is
no significant simulation time increase although the number of grain order parameters increases.
The loss of the efficiency might be mainly attributed to the computation of the variational
VA%

derivative of the gradient energy term (x, ) in the Fourier space since all the structural

-8 jnpg
order parameters should be considered at all grid points for this computation. With regard to the
computational efficiency associated with the inhomogeneous elasticity, the computer simulations
with the inhomogeneous elasticity requires approximately 1.5 times longer simulation time as

shown in Table S.1 compared to those with the homogeneous elasticity due to the iterations for



the accurate elastic solutions as explained in section 2.2. In other words, employing the

inhomogeneous elasticity does not require a significant increase in computational time.

Table S.1. Simulation time of 3D computer simulations of the displacive transformation

# of Normalized simulation time" | Normalized simulation time"
fg (Homogeneous elasticity) (Inhomogeneous elasticity)
1 1 -
8 1.86 2.86
12 2.44 3.97
17 3.15 4.47

*Normalized by the simulation time of g=1

S2. Grain structure generation

For a grain structure containing multiple grains, a set of grain order parameters (&, ) are

employed. The final grain structures are prepared by solving the following Allen-Cahn equation:

05,0 _ | ¥ S
o oo,

where L, is the kinetic coefficient related to grain boundary mobility, x, is the gradient energy

KgV2§g J, (S.1)

coefficient for grain order parameters, and f, is the free energy density function of grain order
. 1 1 : .
parameters given by f,({S,})= Z(— Ef; + Zg;j + 7/2 Zggzgg% with the phenomenological
4 g 8>8
parameter () for the interactions among grain order parameters. The equations are solved by

semi-implicit Fourier-spectral method [1].

S3. 3D computer simulation of bcc variants nucleation at grain boundaries
A 3D computer simulation was conducted with 7=205K, 4,=0.5, and p=0.2 to check if the
nucleation of bcc variants occurs by the same mechanism. The Euler angles of the left-hand and

right hand side grains were set to be (0,0,0) and (7/6,0,0), respectively. Fig. S.1 shows the
2



evolution of grain boundary nucleated bcc variants in the 3D system and the snapshots of a cross
section during the nucleation stage of a displacive transformation near a grain boundary. As
shown in the figure, when two different variants are in contact, they propagate to the grain

interior as in the 2D simulation in section 3.2.

: bee variant 1
Red: bee variant 2
Blue: bee variant 3
Black: fec parent phase

1000At 6000At

<Cross section (x-y) view near a grain boundary>

Fig. S.1. Temporal evolution of bcc variants during the grain boundary nucleation process in a 3D bicrystal.



S4. Temporal evolution of the displacive transformation in polycrystals
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Fig. S.2. Temporal evolution of the displacive transformation in polycrystals for p =0.0 for different elastic

anisotropy cases and the volume fraction of each variant as a function of time.
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Fig. S.3. Temporal evolution of the displacive transformation in polycrystals for p =0.2 for different elastic

anisotropy cases and the volume fraction of each variant as a function of time.

4



References
[1] Chen L-Q, Shen J. Comp Phys Comm 1998;108:147.



